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Abstract

The linearization of an input/outputcontroller has been designed for an input time delay nonlinear time discretized
nonlinear system. The time discretized nonlinear model has been obtained based on Taylor-Lie series expansion
method and zero order hold assumption. The resulting control algorithm enables the time delay nonlinear system con
trol, while the continuoustime controllercannot handle a time delay nonlinearsystem due to its infinite dimensionality.
The performance of the proposed controller is evaluated by using two different case studies: a Van Der Pol equation
and a Continuous Stirred Tank Reactor (CSTR)system that all exhibit nonlinearbehaviorand input time delay, For all
the case studies, the results validatethe proposedmethods.
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1. Introduction

Time delay is often encountered in various engi
neering systems, such as chemical, hydraulic, and
rolling mill systems and its existence is frequently a
source of instability. Many of these systems are also
significantly nonlinear which motivates research in
control of nonlinear systems with time delay. Time
delay occurs at the gap from the beginning of an order
to the response of the system due to a time interval, or
spatial distance between the components of a control
system [I], The control systems with non-negligible
time-delays exhibit complex behavior because of their
infinite dimensionality. Even a linear time invariant
system with a constant time delay in the input or state
has infinite dimensionality, if expressed in continuous
time domain. It is difficult to apply the controller
design technique developed during the last several
score years for finite-dimensional systems to the sys-
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terns with any time-delays in the variables. Thus con
trol system design methods for a discretized nonlinear
system which can solve the system with time-delays
are necessary.

Studies on time-delay have traditionally been con
ducted in the fields of chemical process control; how
ever, the importance of the study for time-delay has
been recently recognized by introducing a remote
control system using networks [2-4]. In these cases, it
is impossible to design a controller without consider
ing the time-delay that inevitably occurs due to the
spatial distance in signal transmission routes and net
work congestion.

Time-delay reduces gain and phase margins in a
continuous system, causes a lowering of system per
formance, and makes the system unstable [1, 5]. A
typical control method for a system that has time
delay is predictive control [6]. A control method us
ing the Smith predictor has been proposed in the field
of process control. This method has the merit that a
controller can be designed by using a structural
method, regardless of the effects of time-delay; how-
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where x(k) is the value of a state vector of x at

A discrete system for a nonlinear system that has
input time-delay can be configured as Eq.(4).

u(t) =: u(kT) ""u(k) =: constant, kT S; t < kT + T

D=:qT+r (2)

" yl
x(k+l)=x(k)+t;,I(x{k), u(k-q-l»'n

+t.A'{(x(k)+tAi{x(k),u(k-q-l»~),u(k_q»(T,ri
(4)

(3)

(I)

jU(k - q - l) if kT-5.t<kT+y
u(t-D)=

u(k-q) if kT+y:5t<kT+T

dx(t)---at'= f(x(t») +g(x(t»u(t- D)

tained by using a Taylor-series under the assumption
ofzero-order hold [14-16]. This discretization method
provides a relatively exact discrete model, and makes
it possible to apply the existing nonlinear control
method to a discrete system, which includes time
delay.

A continuous-time nonlinear control system, which
has a single input, can be presented as Eq. (I) using a
state-space expression.

where x E X c R" represents the system state,
Ii E R is an input variable, D is time-delay, and
f(x) and g(x) are nonlinear functions for x . In
addition, a zero-order hold was assumed for a fixed
sampling period, and constant input in a single sam
pling region.

where T is sampling period, q is an integer multi
ple of q E {I, 2, 3,...} for the sampling period, r
is a small time-delay of 0 <r S; T . The delayed input
variable as shown in Fig. I was applied to the system
that has values for the different sampling regions, as
presented in Eq. (3).

ever, it can only be applied to a linear system. In addi
tion, this method has the disadvantage that an exact
model equation for the system and time-delay is re
quired [1,2, 5, 7].

An estimator is also proposed as an alternative
method of predictive control. This estimator calcu
lates state changes in the delayed time using an analy
sis of the time region of a state equation, and obtains
an undelayed and exact plant state for the time that is
required to calculate control signals. However, it is
impossible to compensate for the time-delay tor the
input of the controller [4, 8].

Various techniques have been reported to resolve
the time delay in nonlinear systems. Time Delay Con
trol(TDC) is a control method that voluntarily intro
duces a small time delay in the control design, so as
to reduce the effect of additive disturbances represent
ing unknown dynamics[9-11]. Other techniques such
as passivity control [12] and feedback linearization
method [13] have been reported in the nonlinear time
delay system controls. All these methods are for the
continuous domain controllers.

Studies on time-delay have been largely conducted
in a continuous time region. However, at the present
time the controllers are designed by using a digital
computer system. Thus, an important step is an analy
sis performed in the discrete-time region for a nonlin
ear system that has time-delay, and the design of a
controller according to the analysis. Accordingly, this
paper deals with designing a controller through a
system discretization using a Taylor-series and lin
earization for inputs and outputs for a nonlinear sys
tem that has input time-delay.

This paper proposes a linearization of an in
put/output controller that has been designed for an
input time delay nonlinear time discretized nonlinear
system. The time discretized nonlinear system for
input delayed was based on the Taylor-Lie series
expansion and zero order hold assumption [14-16].

The discretization of the nonlinear system with in
put time-delay will be considered in Section 2. The
controller design is discussed in Section 3 and in Sec
tion 4 case studies have been conducted. Finally, Sec
tion 6 concludes this research and describes the future
work.

2. Discretization of a nonlinear system

A discrete-time model for a nonlinear continuous
time control system that has time-delay can be ob-

lI(k-q)

I
«r-c i:

Fig. I. Delayed input signal.
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t =', =kT, M is truncation order of the Taylor
series. AU)(x,u) is recursively defined by Eq, (5).

Alll(X, u)= f(x) +ug(x)

OAUI(X u)
All+II(X,U) = ox' (f(x)+ug(x».

(5)

Fig. 2. Configuration of the design for input'output lineariza
tion.

The discrete expression for Eq. (1), can be pre
sented by Eq. (6).

x(k+l)=<Dij!(x(k), u(k-q-l), u(k-q» (6)

where the function <Dr depends on the sampling

period of T and truncation order of M.

with relative orders in order to verify the relationship
between inputs and outputs. It and h are the

functions for a system state. In Eq, (10), if the input
u is configured by Eq. (11), the nonlinearity of Eq.
(l0) will be removed. Then, a simple linear differen
tial equation for the output Y and new internal input
v can be obtained,as presented in Eq. (12).

3. Design of a controller

3.1 Linearization of input/output for a continuous
time nonlinear system

The input output linearization method linearizes a
nonlinear system through an exact state transition and
feedback, instead of a liner approximation method.
Then, it applies a linear control method. This method
transfers the original system into a simple equivalent
model, and can be applied to control many industrial
systems, such as aircraft, robotics, medical, and other
various fields.

Let's consider the design of a controller for a
nonlinear system.

e> y-Yd (13)

v=y(rl-k e,r-ll-k e,·-2)-...-ke (14)
d r r-l I

e'rl+k er-I)+k e(r-2J+· ..+ke=O (15)r r-l I

Since a linear control method can be applied to Eq.
(12), a tracking control problem can be solved by
using this method. When the internal input v can be
configured as Eq. (14) using Eq. (12) and the
differentiation of Eq. (13), which presents the output
yand target value Yd' with relative orders, in this

case the tracking error for the entire closed loop sys
tem is presented as Eq. (15)

(11)

(12)

1
u= f, (v- f,)

ylr)=V

(7)

(8)

x=<1>[x, u]

y=h[x]

where the output y and input u of the system can be
obtained by using differentiation. The differential
equation is expressed as a relative order of r . If the
output y is infinite, the input will not affect the
output. The order of output y of a control system
should be finite and have relative order r for the
inputu.

If the coefficient k in each term of the equations
is configured to satisfy a stable dynamics equation, in
which Eq. (15) converges to zero, the input u that
makes it possible to obtain a tracking property will be
performed by applying a reverse process from Eq.

(11) to Eq. (15).
Fig. 2 presents the configuration of design for in

put/output linearization controller of a nonlinear sys
tem.

:;y=h(i)[X], I=O,...,r-l (9)

:; y= hV
-
I
) [ lP(x, u)]= J;(x)u+ J;(x) (10)

Eq. (10) can be obtained through differentiations

3.2 Input/output linearization of a discrete-time
nonlinear system

Design of a controller using input/output lineariza
tion for a nonlinear system in the discrete-time fol
lows the same method in a continuous-time nonlinear
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system. Using the discrete-time nonlinear system
presented in Eq. (16), the relative order and relative
relationship between input and output can be verified
as expressed in Eq. (17).

Then, the dynamics equations are configured by Eq,
(24).

x(k+l)=<t>[x(k), u(k)].
y(k)::: h[x(k)]

y(k+r)::: j,(x(k»u(k)+ fJx(k»

(16)

(17)

z,(k)=u(k-q-l)

z,(k)=u(k-q)

Zq(k) :::u(k-2)

z.+l(k) :::u(k -1),

(23)

where J; and Jz are the functions related to the

state of a discrete-time system. If the control input u
is configured by Eq. (18), the nonlinearity of Eq. (17)
will be removed. In addition, the system can be ex
pressed as a simple linear differential equation for the
output y and internal input v, as presented in Eq.

(19).

zl(k+1) =z2(k)
z,(k+ 1):::: zJ(k)

z'I(k+l)=zoelCk)
zq+,(k+l)=u(k)

(24)

u(k) h(;(k»{v(k)- j;(x(k»}

y(k+r)::: v(k)

Thus, Eq. (I) can be expressed as a discrete-time
(18) nonlinear system as presented in Eq. (25), in which

the equation presents an expanded state space.
(19)

As described above, the tracking problem for a lin
earized system is to be solved by using a linear con
trol method. The internal input V can be obtained as
expressed in Eq. (21) using a transferring calculation
with relative orders for Eq. (20). Then, the coefficient
k is adjusted to satisfy a convergence property,
which is required for a dynamics equation for the
tracking error of the entire closed loop system pre
sented in Eq. (22).

r
X(k + 1) [<'P!j (x(k), z,(k), Z'(k»]

=,(k.+l) = z,(k) (25)

I; i : I
Lzq.,(k+1) l u(k) J

Let's define, x=[x, Z;, "', z:,+.]' and a>¥(X,II)=

r<'P~f (x, z" z,) .

I

,' :::,(k) , then Eq. (25) can be expressed as a

u J
simple formula, as presented in Eq. (26).

e(k) = y(k)-Yik)

v(k) =Yd(k+r)-kre(k+r-l)

- kr_le(k+ r-2) - ... - k,e(k)

e(k+r)+ kre(k+r -1)+ kr_le(k+ r r- 2)

+.. ·+k,e(k)=O

(20)

(21)

(22) x(k+1)=(f,¥(X(k), u(k» (26)

In the tracking control issue of a discrete-time
nonlinear system, the input u can be obtained by

using reverse substitution of the mentioned processes.
In addition, the system output converges to the target
value of Yd by applying this value.

The relative order of the system for the output
equation of Eq. (27) can be derived by using a trans
ferring operation, as presented in Eq. (28). In addition,
if the control input is configured as Eq. (29), the
nonlinearity of the system will be numerically re
moved.

3.3 Design ofa controllerfor a discrete-time nonlin
ear system with time-delay

The supplementary variables for the past input
variables defined as Eq. (23).

y(k)=h(i(k»

y(k + r) =11'-1 (if>:j'! (x(k), u(k»)
= F(k) + G(k)u(k) =v(k)

(27)

(28)
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4. Simulation

Fig, 3. Design of a controller for a nonlinear system with
input time-delay.

(34)

(33)

(32)

X, ='!'(X)+g.(X)u= X,

X, = j,(X)+g2(X)U =X,(l- X,')-X, +U.

x=x(l-x'}-x+u
y=x,

Fig. 4. Phase portraits of the Van der Pol system.

where the state vector is X =[X, X,]=[x xl. In
the case of the existing input time-delay, such as
D::: qT + r , the discrete expression is expressed as
Eq. (34) by using the Taylor's discretization method.

X,(k+1)= X,(k)+ Ix,'fA;(X (k),lI(k -q-l}) r:
~I }=l 1.

M I( r
+I: A:(X(k)+ I:A( (x(k),u(k-q-l)},),

~l ~I r.

(T yiu(k-q)--_·
I!

X,(k+ 1)= X,(k)+ I.<t;(X(k),u(k-q-l}}~
101 I.

+IA;«X{k}+ I.4:i(X(k),U(k-q-l)/:},I., i.' I.

u(k-q}) (T _y}1
, I!

A/ (x,u) = f, (X) + gl (X)u

A," '(X ) 3A;(X,u)f, +aA;(X,u) -I'
.u ax, I ax, J :

~(X,u)= j,(X) +g,(X)u

A,I.,(X ) 3A./(X,u)j, + aA./ (X,u) -I' (35)
, .u ax ' ax L:

I ,

where the time of the partial differentiation of
Al(x, u) is 10 be cyclically defined as follows.

Fig. 5 presents the output errors of a continuous

(30)

(31)

(29)

v(k)=(l +k, +k, +.. ·kr)yd -kry(k+r-l)

-kr_1y(k+r- 2)-···-k,y(k)

e(k+ r)+kre(k+r-1)+kr_ le(k+
r - 2)

+...+k,e(k)=O

1
tI(k)::: G(k) {v(k)-F(k»)

In order to verify the proposed method, we per
formed two simulations for nonlinear systems, with
an input time-delay. The systems used in this simula
tion were a simple CSTR system and a Van der Pol
equation. The Van der Pol system is a typical nonlin
ear system. It can be analyzed by using a mass
spring-damper system, which has a position
dependent damping coefficient, and an RLC electric
circuit. If this system has an initial value besides an
equilibrium point, a periodic vibration will be main
tained in a limited region. This periodic vibration is
called a limit cycle. Fig. 4 presents a phase portrait of
the system.

The system can be expressed by a dynamics equa
tion as presented in Eq, (32). The state space expres
sion is Eq. (33).

Fig. 3 presents the configuration of the proposed
control system.

F(k):::Ffx(k») and G(k)=G(x(k)} in Eq. (29)

are the function for the present state value and past
input variables of z(k)=[u(k-q-l),u(k-q),''',

u(k-l)],and v(k) is the internal input.

In regards to the tracking issue, if the dynamics
equation and internal input are defined by Eq, (30)
and Eq. (31), the output property of the system is only
followed by an error dynamics equation.
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Fig. 5. Output error of the system with an initial value.

system and discrete system tor the behaviors of a
limited phase, in which the system has an initial value
besides an equilibrium point. In addition, there is no
input time-delay. This reveals that a discrete system
using a Taylor-series presents superior characteristics
to the existing Euler equation when applied to a dis
crete system.

Fig. 6. Output of the nonlinear control system with input
time-delay.

- witt.l"ul: Qa'iay
.... i sal'l'lpfll'llj per;()~ d.el<ly
-. :2 samplffl9 pel'iod delay

-~-~ ......

X(O,O) =[0.1 of· 06
g,
g

0.6

Fig, 7. Output of the CSTR system with input time-delay.

0.2 0.4 0.6 0.8 1 12 1.4 1.6 1.6
time(sec), samfJ1io8 pe-ied T~.05$ec

k, =-2.8,k, =3.02,k, =-1.484,k, =0.2809 (37)

u(k) = (T'~2!){V(k)-F(k)J (38)

(39)x'=-x' -3x+(1-x)u
y=x

Fig. 6 presents the output of the system for each
case where the output shows a simple time-transition
removed by the time-delay effect.

A second computer simulation was conducted for
the CSTR system. A CSTR system is a cornmon
nonlinear system in a chemical process. The dynamic
equation ofthe system is presented in Eq. (39).

In the case of the existing time-delay, such as
D = qT + r, the discrete expression is expressed as
Eq. (4) and Eq. (5) by using the Taylor's discretiza
tion method. A controller was designed with the in-

y(k+ 1)= F {X,(k), X,(k)} +(T2 / 2 !)u(k )

=v(k)

y(k+ 2)= F{X,(k), X,(k), u(k-i)}

+(P/2!)u(k)=v(k) (36)

y(k +3) =F {X, (k), X,(k), u(k - 2), u(k -i)}

+ (T'/2!)u(k) = v(k)

y(k+4) = F {X,(k), X, (k), u(k-3),

u(k-2),u(k-i)}

+(P /2!)u(k)=v(k)
e(k+l)+l<;e(k)=O, I<; =-0.7

e(k +2)+k,e(k+1) +k,e(k) = 0 , k, "-lA,k, ~O.53

e(k+3)+kJe(k+ 2)+ lse(k+ l)+k,e(k) =0
k, =-O.7,k, =-0.45,k, =0.371

e(k+4)+k.e(k+3)+ k,e(k+ 2)
+k:,e(k+ l)+k,e(k) = 0

A controller was designed by using the input/output
linearization method previously mentioned above for
the input time-delay, such as OT, Tl', 2T and 3T The
discretization was performed by using the truncation
order of M=2. The relative orders for each case were
obtained as Eq, (36). In addition, the output error
dynamics equation was defined as Eq. (37), and the
controller was designed as Eq. (38).
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put/output linearization method previously mentioned

above for the input time-delay, such as Or. IT and 2T.
The discretization was performed by using a trunca

tion order ofM=2.
Fig. 7 presents the output of the system for each

case where the output shows a simple time-transition

removed by the time-delay effect as the first simula

tion result.

5. conclusions

In order to compensate for the input time-delay of a

nonlinear system, this study proposed a design

method that supports an exact discretization for a

nonlinear system that has time-delay, and designed a

controller for a discrete system that includes time

delay using a Taylor-series. The proposed control

system that has the characteristics of an independent

output for time-delay was verified by simulation.

Although with this method the. system has to be re

analyzed according to the time-delay, it has the merit

that the system can be applied to a large time-delay

and variable time-delay.
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